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pg I In this paper, we introduce a new algebraic type of 'convexoid 

rings', and we give the definition of (weak) convexoid schemes, which 
share similar properties with ordinary schemes. As a result, we give a 
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purely-algebraic construction of the compactification SpecZ = SpecZU 
{oo}, which is realized as the Zariski-Riemann space of SpecZ in the 
"^ . category of weak convexoid schemes. 
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Introduction 

In this paper, we give a purely-algebraic construction of the compactification 
Spec Z = Spec Z U {c)o}. 

1 



The philosophy of Arakelov tells that the correct compactification of 
Spec Z should be the space which consists of finite places together with the 
infinite place oo. However, the conventional theories could not obtain this 
space canonically, since Spec Z is the final object in the category of schemes. 
Therefore, Arakelov geometers and number theorists had to give ad hoc def- 
inition for the desired spaces: in Arakelov geometry, we endow an hermitian 
metric on vector bundles, as a substitute for the information on the infinite 
place; in number theory, places (finite or infinite) are defined by valuations, 
and is not defined algebraically. 

Here it might be valuable to ask why these concepts and definitions behave 
so nicely, not how. Also, we might ask why the infinite place cannot be 
realized within the category of schemes. 

The key point is simple. Here, we give a new type of algebra which 
we call convexoid rings: these have two binary operators ffl and x, and 
are (commutative) monoids with respect to x: however, we do not assume 
the associativity of ffl. The category of convexoid rings contains that of 
rings as a full subcategory (and also, multiplicative monoids with absorbing 
elements), and we can consider 'convexoid schemes' as a generalization of 
schemes. We can go further, and define 'weak convexoid schemes' so that 
we can treat Zariski-Riemann spaces properly. As a corollary, we obtain the 
main theorem: 



Theorem 0.1. The compactification Spec Z = Spec ZU{oo} of Spec Z can be 
realized as a weak convexoid scheme. It is defined by the universal property, 
namely the Zariski-Riemann space of SpecZ over Proj Rq, where Rq is the 
initial object in the category of convexoid rings. The stalk ^oo of Spec Z at 
the infinity place is the valuation convexoid ring DQ, which is the unit disk 
in Q consisting of rationals the absolute value of which is not more than 1. 

This theorem can also be extended to the ring of integers Ok of any 
algebraic field K. 

We remark that the set r(SpecZ, ^) of global sections is {0, ±1}, which 
some Fi-geometers denote by F12. This does not have the ffl-structure, but 
only the multiplicative monoid structure as expected. We dare not say that 
we have obtained the correct definition of Fi (or F12); many people are hoping 
for too many dreams on Fi, and we just gave a partial answer for this. 

We also remark that this compactification of SpecZ is almost identical 
to that of Haran's [H], or even that of Durov's |Duj : of course they are not 
mentioning the convexoid structure, but at least the stalks of the structure 



sheaves on the infinite places coincide as a multiphcative monoid. However, 
we emphasize the fact that the construction given in this paper canonically 
induces the archimedean norm structure from the algebraic structure, and 
therefore SpecZ is determined by the universal property; while the other 
two bring the archimedean norm structure outside the algebraic world and 
therefore their definitions are ad hoc. 

This paper is organized as follows: In §1, we illustrate how we come 
up with convexoids, since the reader may wonder why he or she has to be 
involved with it instead of sticking to the classical world of rings. 

In §2, we give the definition of multi-convexoids and multi-convexoid 
rings, and see that their behaviour is quite similar to those of rings. 

In §3, we prove a variant of the classical Ostrowski's theorem. The crucial 
difference is that it is formulated in completely algebraic terms, and this 
theorem lies at the heart of the main result of this paper. 

In §4, we give the definition of convexoid schemes. It is already assured 
that we can define them analogously as the theory of ordinary schemes |Tlj . 
However to reach the goal, we must weaken the condition of what a 'patching' 
should be, by admitting certain kinds of twists, or in other words, weak 
homomorphisms. A twist does not affect the semiring of ideals, hence we 
can safely run the construction of the underlying space of the spectrum. We 
also give the construction of the 'fake closure' of Spec Z: this is a convexoid 
scheme with the underlying space homeomorphic to SpecZ, and is close to 
our answer. Still, it is mal-behaved on the infinite place, hence we will seek 
for further improvement in the latter sections. 

In §5, we give the definition of graded convexoid rings, and the convex- 
oid schemes Proj A for a graded convexoid ring A. These constructions are 
completely analogous to those of rings, and we claim that the above 'fake 
closure' can be expressed as Proj Rq, which turns out to be a very natural 
object. 

In §6, we define the notion of weak convexoid schemes, which is a variant 
of weak 'i^-schemes introduced in |T1] . This enables us to treat Zariski- 
Riemann spaces, and as a result, we finally reach the correct definition of 
Spec Z. 

The last section §7 is an appendix, which shows that the analogy of 
linear systems and projective morphisms in algebraic geometry is also valid 
for SpecRo, and that we have an immersion Proj i?o — ?■ P, where P is a 
proprojective space over F12. The concepts and statements introduced in this 
section are by no means precise: these will be affirmed in the forthcoming 



papers. 

Notation and conventions: Any ring is unit al. We denote by (CMndo) 
(resp. (CRing)) tlie category of commutative monoids with absorbing ele- 
ments (resp. commutative rings) and their homomorphisms. For any subring 
R of C, we denote by T)R the unit disk {x & R\\x\ < 1}. This has a struc- 
ture of a convexoid ring (see Definition 12. II and Theorem 13. ip . When given a 
commutative (convexoid) ring i?, we denote by VL{R) the distributive lattice 
of finitely generated ideals of R modulo the congruence c? = a. Two ideals 
a and b is equal in il{R) if and only if y/a = vb. 

We frequently use the terminologies of category theory, based on the 
textbook [CWMj . The theory of convexoid schemes shares most of the part 
with the one already exposited in [Tl] and |T2j : we will not repeat the 
argument here, and many basic facts will be referred to the above mentioned 
articles. 



1 Preliminary Observations 

The development of the theory of schemes over Fi arose recently, motivated 
by the Riemann hypothesis. 

Weil's conjecture, which is an analogy of the Riemann hypothesis for the 
positive characteristic case, has been proved by Deligne |Del] . by considering 
the multiple zeta function on the n-fold product 

X Xf^X xp^ ■■■ x^^X 

of the given projective variety X over F^. 

Many people are hoping to imitate this method to prove the original 
Riemann hypothesis up to now. The essential part is to find a correct 'base 
field' Fi, which is called the field with one element, so that we can regard 
SpecZ as an open curve defined over Fi, and consider the n-fold object 

with a multiple zeta function defined over it. Although Z*^" is not defined 
appropriately yet, the preferred multiple zeta function is constructed [K] . 

Also, we would like to obtain the compactification of Spec Z over Fi so 
that we could formulate Lefschetz-type formula for the complete zeta function 



[De5] : 

as) = Hdetoo ^is - Q)\H\X,n) 

Connes has shown the determinantal representation of the Riemann zeta 
function |C1] . and furthermore gave a geometric representation, by consid- 
ering a function space on a projective hne over Fi |C2] . 

These results are suggesting the importance of the theory of schemes over 
Fi, apart from the philosophy of Arakelov. However, the definition of Fi has 
not reached a full agreement yet. See |PL] for the survey in this topic. 

Let us go back to try for the compactification of Spec Z. 

Recall that, when we are given a (non-compact) smooth curve X over 
a base field fc, we can construct its universal compactification as a Zariski- 
Riemann space ZR(X, k) , namely the spaces of valuation rings over k: 

Spec k{X) X = ZR(X, k) 



Speck 



Therefore, if we wish some analogy to hold. Spec Z should then be the Zariski- 
Riemann space of SpecZ over Fi: 



Spec Z ^ Spec Z = ZR(Spec Z, Fi) 



SpecFi. 

However, since Z is the initial object in the category of rings, we cannot have 
a 'base field' Fi in the category of rings; we must widen our perspectives. 

Some experts say that Fi-algebras should be regarded as a monoid, and 
schemes over Fi is a geometric object constructed from monoids. One way 
to look at is that Fi is the initial element in the category of commutative 
monoids with absorbing elements: Fi = {0, 1}. (We can further attach an 
idempotent additive structure so that Fi becomes a Boolean algebra, but this 
is not essential.) However, it is doubtful that we can recover the infinite place, 
only by considering the multiplicative monoid structure: indeed, we can 
define and consider Zariski-Riemann spaces for a morphism of commutative 
monoids. When applying this to Fi — )■ Z, we obtain a 'proper space' X 



over SpecFi. However, this has infinitely many infinite places. This happens 
since we ignore the additive structure, and hence also the archimedean norm 
structure of Z. 

This observation shows that we cannot totally abandon the additive struc- 
ture. 

Let us look more closely. On a finite place p of Z, we obtain a local ring 
(more precisely, a discrete valuation ring) Z(p), and by completion we obtain 
the ring Zp of p-adic integers. This is the 'unit disk' {x G Qp | \x\p < 1} 
of of the p-adic field Qp. If we wish to have an analogy of this for the 
infinite place, then the objects corresponding to Z(p) (resp. Zp, Qp) should 
be DQ = {x G Q I |x|oo < 1}, (resp. DM = {x G M | |x|oo < 1}, K). 
However, we run into a problem since the unit disks DQ and DM are not 
rings: they are multiplicative monoids, but are not closed under addition. 

This is the central motivation of introducing a new algebra in this paper: 
we want to have an algebraic type V with a multiplicative monoid structure 
such that, 

(1) ^-algebras share good properties with those of rings, and 

(2) the category of V^-algebras includes the unit disks DQ, DM shown 
above. 

The l^-algebras are what we call convexoid rings in this paper. 

Let us review DQ. This multiplicative monoid is not closed under ad- 
dition; however, we can always think of taking the mean value (a + 6)/2 
of two elements a,b ^ DQ. This binary operation (a, fe) h-?- (a + b)/2 will 
be denoted by ffl. This operation does not satisfy associativity. However, 
the distribution law holds, and its behaviour resembles to that of rings very 
much. Moreover, we can think of convexoid ring spectra and schemes, just 
as in the case of rings. This is because the general scheme theory does not 
require associativity of the underlying operators |T1] . such as ffl. 

Fortunately, the theorem of Ostrowski (Theorem 13. ip tells that we can 
obtain the preferred valuations of Q only by assuming the condition 1 ffl 1 G 
R^ , where R is the valuation convexoid ring corresponding to the valuation. 
This condition corresponds to the triangular inequality: |a + fe| < |a| + |6|. 
Hence, if we denote by Rq the initial object of convexoid rings, then the 
compactification SpecZ can be obtained over -Ro[(l H l)^^]? except for the 
finite place p = 2, which is the antipode of the infinite place. 



Until now, we don't need multi-convexoid rings. However, some problem 
arise when considering projective convexoid schemes. Let us review the con- 
struction Proj A for a commutative ring A. Proj A is covered by the open 
sets of the form D^{f), where / is a homogeneous element of A, and D^{f) 
is isomorphic to 

Spec A(/) = {a/P I deg a = ra deg /}. 

When we try to apply this theory to graded convexoid rings, we cannot 
give an appropriate convexoid structure on A(^f) when deg/ > 1, but only a 
multi-convexoid structure. This is why we introduced the notion of multi- 
convexoids. However, multi-convexoids still behave fairly well, and does not 
bother when constructing schemes. 

This is the rough idea of the theory introduced in this paper. 

2 Convexoids 

An algebraic type V is commutative (in the sense of |Tlj ). if for any m-ary 
operator and any n-ary operator ip, the following holds: 

= ^(0(a;il, ■ • • , Xml), • • • , 4>{Xln, ■■■ , Xmn))- 

Definition 2.1. Let d he a. positive integer. A d-convexoid is a quadruple 

(G, ffl*^, — , 0) where G is a set, ffl*^ (resp. — , 0) is a 2'^-ary (resp. unary, 
constant) operator on G such that 

(a) G is commutative, 

(b) ffl'^ is symmetric, namely 

for any element a of the symmetric group &2d- 

(c) ffl'^(ai, ■ ■ ■ , a2d-i, — fli, ■ ■ ■ , —a2d~i) = for any element ai, ■ ■ ■ , 02^-1 G 
G. 

We denote by (Cxd'^) the category of d-convexoids and its homomorphisms. 
When d = 1, we simply say 'convexoids' and drop the superscript. Also, we 
write aSb instead of ffl^(a, b) = ffl(a, b). 



By the commutativity, the Horn set (Cxd'^)(M, A^) canonically becomes 
a convexoid for any convexoid M, A^, and the composition becomes bihnear. 
Also, we can define the tensor product M ® (— ) : (Cxd'^) — )■ (Cxd'') for 
any convexoid M as the left adjoint of (Cxd'^)(M, — ). This gives a closed 
symmetric monoidal structure on (Cxd*^). When we do not specify d, we 
merely say multi-convexoids instead of rf-convexoids. 

A d-convexoid ring is a monoid object in (Cxd*^). We denote by (CxdRing"^) 
the category of cf-convexoid rings and their homomorphisms. 

Definition 2.2. Let A be a d-convexoid ring. 

(1) The constant 7^ = ffl'^(l,0, ■ ■ ■ ,0) is the fundamental constant of A. 
Note that this is in the center of A. 

(2) A is normalized, if 7a = 1- 

This fundamental constant plays the key role in this algebra. 

Let {A, ffl*^) be a d-convexoid ring, and u & A he any element. Then, we 

can define another d-convexoid structure ffl by setting 
ffl (oi, ■ • ■ , a2d) = u ■ ffl''(ai, ■ ■ ■ , a2d). 

This means that, we have many choices of a ffl"'-structure on a convexoid ring 
A and it is crucial to preserve this fiexibility when we consider convexoid 
schemes. 

Definition 2.3. (1) A map / : A — ?■ i? between two d-convexoid rings is 
a weak homomorphism if 

(a) / is a homomorphism of multiplicative monoids, 

(b) 7B/(ffl"(ai, ■ ■ ■ , a^d)) = fi^A) ffl" (/(«i), ■ ■ ■ , /(as.)), and 

(c) 7b and /(7a) generates the same ideal in B. 

(2) Two d-convexoid structures fflf and S2 on a d-convexoid ring A are 
equivalent, if the identity map {A, fflf ) — > [A, S2) is a weak isomor- 
phism. 

It is easy to see that weak homomorphisms are closed under compositions. 

Proposition 2.4. Let A be a d-convexoid ring. 

8 



(1) A is equivalent to a normalized (i-convexoid ring if and only if 7^ is 
invertible. 

(2) In particular if li = 1, then A is equivalent to a ring if and only if 7^ is 
invertible. 

Proof. (2) It suffices to show that a normalized convexoid ring is a ring. 
Associativity of ffl is given by 

(a ffl 6) ffl c = (a ffl 6) ffl (1 ffl 0)c = (a ffl 6) ffl (c ffl 0) 

= (a ffl 0) ffl (6 ffl c) = a ffl (6 ffl c). 

Also, is the unit with respect to ffl: 

a = (lfflO)a = afflO. 

D 

Corollary 2.5. The left adjoint of the underlying functor U : (Ring) — >■ 
(CxdRing) is given by i? H- i?/ =, where = is the congruence generated by 

IfflO = 1. 

Corollary 2.6. Let A be a convexoid ring. Then, ^[7^^] is equivalent to a 
ring. 

This implies that, rings are in a sense, 'localizations' of convexoid rings. 

Corollary 2.7. The initial object of (CxdRing) can be realized as the 
smallest subset Rq of the polynomial ring Z[7] satisfying 

(a) 0, 1 G Rq, and 

(b) f,geRo^ fg, i{f + 9),-f e Ro- 

The natural functor F : (CxdRing) — )■ (Ring) gives a surjective convexoid 
ring homomorphism Rq ^ Z between the initial objects defined by 7 1— )■ 1. 

Lemma 2.8. (1) 7727"' G Rq for any non-negative integers m,n such that 
\m\ < 2". 

(2) In particular, the homomorphism Rq — )■ DZ[l/2] (7 1— )■ 1/2) is surjec- 
tive. 

9 



This is an easy calculation, and the proof is left to the reader. 

Proposition 2.9. Let (Mndo) be the category of (multiplicative) monoids 
with absorbing elements. For M G (Mndg), we can define the trivial d- 
convexoid structure on M by ffl'^(ai, ■ ■ ■ , a2d) = for any ai, ■ ■ ■ , a2d G M. 
Hence, we have a fully faithful functor (Mndo) ~^ (CxdRing'^). 

This proposition shows that, any monoid can be regarded as a convexoid 
ring. However, the ffl-structure has no information in this case. 

Next, we will compare d-convexoid rings and e-convexoid rings, where e is 
a divisor of d. Let [A, ffl*^) be an e-convexoid ring. Then we can canonically 
define a d-convexoid structure by induction on d: 

ffl (ai, ■ ■ ■ , a2d) = ffl'^(ffl ^{ai, ■ ■ ■ , a2d-e), ■ ■ ■ , ffl ^(a2d_2d-e_|_i, ■ ■ ■ , a2d)). 

Proposition 2.10. Suppose d = er for some positive integers e,r. Let 
{A, ffl*^) be a d-convexoid ring, and suppose the fundamental constant ja is 
a r-th power of an invertible element /i. Then, we can define e/-convexoid 
structure on A for 1 < / < r by an descending induction on /: 

ffl"'(ai,--- ,02^0 =/i"^ffl'('+^) (ai,--- ,a2ei,0, ■■■ ,0). 

Moreover, the (i-convexoid structure ffl induced from ffl^ coincides with ffl"^. 

Note that 

ffl^'(ai, ■ ■ • , a,i) = fi'-' ffl'^ (ai, ■ ■ • , 02=., 0, ■ ■ ■ , 0). 

Proof. It is a straightforward calculation that ffl^' gives a e/-convexoid struc- 
ture on A. We will see that S coincides with ffl"^ by induction: 



ffl («!, ■ ■ ■ , Cl2d} 



= /i^-^ ffl'^ (/i-^ ffl'^ (ai, ■ ■ ■ , a2.(.-i), 0, ■ ■ ■ , 0), ■ ■ ■ , 
/i~ ffl (a2d_2e(r-i)+i, ■ ■ ■ ,a2d,0, ■ ■ ■ ,0),0, ■ ■ ■ ,0) 

= fi-' ffl'^ (ffl''(ai, ■ ■ ■ , a2d), 0, ■ ■ ■ , 0) = ffl'^(ai, ■ ■ ■ , 02^). 



n 
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Definition 2.11. Suppose e is a divisor of a positive integer d. Let A, B be 
an e-convexoid ring and a d-convexoid ring, respectively. A map f : A -^ B 
is a weak homomorphism if / decomposes into a sequence of maps 

A^ B' ^ B 
such that 

(1) B' is a. (i-convexoid ring, 

(2) j is a weak isomorphism in the sense of Definition 12. 3[ 

(3) the d-convexoid structure of B' is induced by an e-convexoid structure 
ffl^, and 

(4) / is a weak homomorphism (in the sense of Definition 12.31) with respect 
to this e-convexoid structure. 

A d-convexoid structure ffl'^ and an e-convexoid structure ffl*^ on A are equiv- 
alent, if the identity maps (A, ffl^) -^ {A, ffl™) and {A, ffl"^) -> (A, ffl"*) are a 
weak isomorphisms for some ?7i-convexoid structure ffl™, with m a common 
multiple of d and e. 

We can verify that a composition of two weak homomorphism becomes 
again a weak homomorphism. 

With the aid of Corollary 12. 6[ we obtain: 

Corollary 2.12. Let (A, ffl"^) be a li-convexoid ring. Then, ^[7^"^] is equiv- 
alent to a ring. 

Next, we will investigate the spectrum for commutative convexoid rings. 
Here, we will restrict our attention to the Zariski topology. 

In the sequel, we assume that any convexoid ring is commutative, and its 
fundamental constant is a non-zero divisor. 

Proposition 2.13. Let (i?, ffl*^) be a commutative d-convexoid ring, and ffl 
another d-convexoid structure on R. 

(1) Suppose ffl is defined by ffl = L„ o ffl*^ for some u E R, where L„ is the 
left multiplication of u. Then, there is an immersion Spec R — >■ Spec R. 
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(2) If ffl'^ and ffl are equivalent in the sense of Definition 12. 3[ then ideals 
of {R, ffl"^) are exactly those of {R, ffl ). In particular, Spec(i?, ffl'^) and 
Spec(-R, ffl ) are canonically homeomorphic. 

In particular for a commutative ring R we have immersions 

Spec(^'"s) R -^ Spec^^'^^n^, H) ^ Spec^^^"'^") R, 

where aSb = u{a + b) is the convexoid structure on R defined by a constant 
ueR, and Spec^*^'''^) (i?, ffl) (resp. Spec^'^^"'^") R) is the spectrum obtained 
by regarding i? as a convexoid ring (resp. commutative monoid with an 
absorbing element). 

Proof. (1) We have a natural map Q{R) — )■ Q{R), sending a to the ideal 
generated by a. This is a surjective lattice homomorphism, hence in- 
duces an immersion Spec R — >■ Spec R of the corresponding morphism 
of coherent spaces. 

(2) Let 7, 7 be the fundamental constants of {R, ffl'^), {R, ffl ), respectively. 
Since ffl and ffl are equivalent, i?[7~^] and i?[7~^] are equal, and '-/ = u'y 
for some u E R. Suppose a is an ideal of {R, ffl'^), and ai, ■ ■ ■ , a2<i G o. 
Then, 



ffl'^(ai, ■ ■ ■ , a2d) = 7 y^ ai = wy N^ a^ = nffl (ai, 

i i 

This shows that a is also an ideal of (i?, ffl). 



, U2d 



n 



Proposition 2.14. Let e be a divisor of a positive integer d = er, (A, ffl*^) 
an e-convexoid ring, and and ffl'^ the rf-convexoid structure induced by ffl^. 
Then, the natural map 

fi(A,ffl") ^Q{A,a'^) 

is an isomorphism. Its inverse is given by a i— ?■ (a), where (a) is the ideal 
generated by a. 

This shows that the underlying topological space of the spectrum of a 
multi-convexoid ring is invariant under weak isomorphisms (in the sense of 
Definition I2ZID. 

12 



Proof. Let a G Q{A, ffl'^) be an finitely generated ideal. It suffices to show 
that 

y/a= {a e A\a'^ e a (3ra)} 

is an ideal in {A, ffl^), hence equal to (a). For any ai, ■ • • , a2<! G ^/a, set 
6 = ffl"(ai,--- ,a2e)" = ffl'^(aP)pGa, 

where p runs through all maps {1, ■ ■ ■ , r} — )■ 2*^ and a^ = Y[i=i '^i ^ ■ This 
shows that 6^ G a for sufficiently large A^. D 

3 Ostrowski's Theorem 

A commutative convexoid ring is integral, if is a prime ideal. As in the case 
of rings, we can define the fractional field Q{R) of an integral convexoid ring 
R. A commutative integral convexoid ring i? is a valuation convexoid ring, if 
for any non-zero element x of the fractional field K = Q{R), either x or x~^ 
is in R. As in the case of rings, the set I{R) of i?-submodules of K becomes 
totally ordered by the inclusion relations. We have a group homomorphism 

I ■ I : ir^ -^ J(i?) \ (a^aR), 

and this satisfies the following properties: 

(1) ker I ■ I = i?^, and 

(2) |affl6| < max{|a|,|6|}. 

The following theorem is a variant of the classical Ostrowski's theorem: 

Theorem 3.1. Let i? be a non-trivial valuation convexoid ring with Q{R) 
weak-isomorphic to Q and 1 ffl 1 invertible. Then, R is either 

(1) the local ring Z(p) at the finite place p ^ 2 with ffl = -|-, or 

(2) the unit disk DQ = {x G Q | |x|oo < 1}, with a ffl 6 = ±(a + b)/2. 

Proof. Let | ■ | be the valuation corresponding to R. Since R is a subring 
of Q, the value group I{R) is automatically archimedean. Hence, we may 
regard I{R) as a multiplicative submonoid of positive real numbers. Also, 
note that | ■ | is determined by the value on N. 

13 



Case \H\ < 1: We will show that R is equal to Z(p) for some prime p. 
It suffices to show that there is a unique prime p such that |j9| < 1. 

First, we will show the uniqueness: suppose there exist two primes p, q 
such that |p|, |g| < 1. Then \p\'^, \q\^ < |1/2| for sufficiently large integer 
e. Also, there are two integers m, n such that 

'y~^(mp^ ffl nq^) = mp^ + ng^ = 1 

since p"^ and g*^ are coprime. Since 27 = 1 ffl 1 is invertible, we have 

|1| = |2||l/27||mp"fflng"| < |2| max{|m||p|Mn||g|'=} 

< |2|max{|p|Mg|'=} < |2||1/2| = |1|, 

a contradiction. Hence such a prime p is unique. 

Since R is non-trivial, there exists an integer n with \n\ < 1. Hence, 
there is a prime divisor p of n such that |j9| < 1. 

Case |N| ^ 1: Let ffl™' : i?^™ — )■ i? be the m-convexoid structure 
induced from ffl. For three integers a, 6, n G N bigger than 1, b"^ can be 
expanded in the form 

6"= ^ Cia\ 

0<j<2"i 

where m is an integer satisfying 121™"-"^ < nlog^fe < |2|™, and Cj = 
{0, 1, ■ ■ ■ , a — 1} and is zero for i > j for some j < n log^j b + 1. Note 
that |2| > 1 from the assumption |N| ^ 1. Also, there is an integer / 
such that a < 2'. Then 

jjn ^ 2™(27)-™ ffl'" (cia, C2a\ ■ ■ ■ , c,_ia^-\ 0, ■ ■ ■ 0), 

and |ci| < \2\K These yield 

|6"| < |2|™max|cia'| < |2|™+' max{|a|^ 1} 

i 

< (r^log,6)■|2|'+lmax{|a|"^°s-^l}. 
Taking the n-th root of both sides, we obtain 

\b\ < (nlog„6■|2|'+l)l/"max{|a|^°*5-^l}. 
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Taking the limit n — )■ oo, we have |&| < max{|a|'°^'''', 1}. Now, take h 
as \h\ > 1. Then \a\ must also be bigger than 1, hence log|6|/log6 < 
log |a|/loga. By symmetry, this inequality is in fact equal. Hence, the 
valuation | ■ | is equivalent to the absolute norm, and |27| = 1 shows 
that 7 = ±1/2. 

n 

Theorem 3.2. The above Ostrowski's theorem is valid for any algebraic 
field: let K be an algebraic field, and i? be a non-trivial valuation convexoid 
ring with 1 ffl 1 invertible. Then, R is either 

(1) the local ring Ox,-?-, where the characteristic of the residue field k(p) is 
not 2, or 

(2) Do-Ji = {x G K I |cr(x)| < 1}, where a : -R' — )■ C is an immersion of 
fields. 

Proof. Here, we will only check the key points which are different from the 
proof of original Ostrowski's theorem, (cf. |BS] . pp. 278-280) Let | ■ | be the 
valuation associated to R. 

(1) The valuation v associated to R is non-trivial on Q. Indeed, suppose 
the valuation is trivial on Q, and let 6i, ■ ■ ■ , 6„ be a basis of K over Q. 
Then it turns out that z/(x) < 2"maXj v(hi) for any x E K, which is a 
contradiction since a non-trivial valuation is never bounded. 

(2) Let i? be a valuation convexoid ring of C, which satisfies i? fl M = DR. 
Then R = DC. Indeed, suppose i^(z) > 1 for some z G C such that 
l^l = 1. Then for any n, 



z/(z") <2max{5R(^),|3(z)| ■ z/(V-l)} < 2max{l, i^(V-l)} 

which is a contradiction since 1^(2;"') — )■ 00 as ra — )■ 00. For general 
7^ 2; e C, we have 

i.{z) = u{\zMz/\z\) = \z\. 

The remaining part of the proof is completely identical to the original one, 
hence we will omit it. D 
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4 Convexoid schemes 



The main goal of this paper is to obtain the compactification SpecZ = 
SpecZ U {c)o} in the form of Zariski-Riemann space. 

We can consider (weak) 'convexoid ring schemes' in the sense of |T1] : the 
definitions are analogous to those of schemes and weak "^-schemes. 

However, this is not sufficient for our purpose, since we need to admit 
weak isomorphisms for restriction maps and transition maps. 

Definition 4.1. A convexoid scheme is a pair (X, ffx) such that X is a 
coherent space and ^x is a (CMndo)-valued sheaves, such that 

(1) X is locally isomorphic (as a monoid- valued space) to the spectrum of a 
multi-convexoid ring: namely, there is a finite open covering X = UiUi 
and isomorphisms (pi : Spec*^ ^ Ri — >■ Ui oi monoid-valued spaces, 
where Ri is a commutative multi-convexoid ring. 

(2) If (p^^iV) is affine for some open subset V oi UiD Uj, then (j)J^{V) is 
also affine, and the transition map 



(Tj^ 



,, : <p-\V) ^ <j>j\V) 

is a weak isomorphism. 

(3) akjCTji = aki for any z, j, k. 

A morphism / : X — )■ F of convexoid schemes is a morphism of monoid- 
valued spaces such that the induced homomorphism 

is a weak homomorphism of multi-convexoid rings and is local for any x G X, 
namely the inverse image of the maximal ideal of G'x^x coincides with that 

of ^YJ{x)- 

Here, we defined the appropriate notion of convexoid schemes for our 
purpose. Note that for the set of sections ffx{U) for an open set [/ of a 
convexoid scheme X may not be a multi-convexoid ring, but only a multi- 
plicative monoid. 
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Before we construct the compactification Spec Z, we need to define the 
base convexoid scheme 5*0. Let Rq be the initial object of (CxdRing), and 

set 

t/i = Speci?o[7^'], f/2 = Speci?o[(27)"']. 

These are open subsets of Spec-Ro- Note that -Ro[7~^] has a ring structure, 
isomorphic to Z[7^-'^]. 

There is an automorphism on 

[/, n f/2 = Spec^^"'^) Ro[{2^Y^] ~ Spec(<^"'^) Z[l/2][-f^'] 

induced by the automorphism 

0:Z[l/2][7^i]->Z[l/2][7^i] (7 -> 7/2). 

We have a diagram of open immersions 

f/i ^ t/i n t/2 ^ t/i n t/2 ^ f/2, 

which gives a 'twist' patching S of f/i and U2, namely S is defined by the 
pushout diagram 

Ui n U2 — - Ui 



U2 ^ S'o- 

We have a closed immersion / : Spec Z — > t/i defined by 

If we stick to convexoid schemes, we obtain a 'fake closure' of Spec Z: we 
have a homomorphism 

i?i = i?o[(27)~']^DZ[l/2] (7^1/2) 

which is surjective by Lemma lXSl This induces a morphism g : Spec DZ[l/2] - 
f/2, which is a closed immersion since the complement of the image is 

Speci?i[(7 ffl (-1/2))-^] = Speci?i[(7 - 1/2)-^]. 

Lemma 4.2. The underlying space of the spectrum SpecDZ[l/2] is set- 
theoretically isomorphic to SpecZ[l/2] U {00}, where 00 is the puUback of 
the maximal ideal {a G Q | |a| < 1} of DQ. As a coherent space, 00 is the 
unique closed point. 
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Proof. The inclusion SpecZ[l/2] U {c>o} C SpecDZ[l/2] is obvious. Let p 
be a prime ideal of SpecDZ[l/2]. If p does not contain 1/2, then p is a 
pullback of a prime ideal of Z[l/2]. Suppose p contain 1/2. Then p contains 
any a G DZ[l/2] such that \a\ < 1/2. For any element a G DZ[l/2] with its 
absolute value less than 1, we have |a"| < 1/2 for sufficiently large n. Since 
p is prime, a must be in p. It is obvious that this p is the unique maximal 
ideal, since its complement is the unit group {±1}. D 

Using the above lemma, we define Yq by the pushout: 

SpecZ[l/2] ^SpecZ 



SpecDZ[l/2] 
We have a commutative diagram 



■Yo. 



SpecZ[l/2]^^UinU2 



SpecZ[l/2]^-f/inf/2, 

which shows that / and g patch up to give a closed immersion Yq ~^ Sq. 
This can be regarded as the closure of Spec Z in 5*0 with its reduced induced 
subscheme structure. 

Remark 4.3. The monoid of sections ^Yo (U) for an open set U of Yq becomes 
a convexoid ring, if and only if U does not contain both two points 2 and cxd: 2 
and oo are antipodes to each other. In particular, T{Yq, Gy^ = F12 = {0, ±1} 
is only a multiplicative monoid. This happens since the local fundamental 

constant 1/2 and 1 (they are defined on SpecDZ[l/2] and SpecZ, respec- 
tively) cannot be extended globally. 

However, since the infinity place 00 of Spec DZ[l/2] is the maximal ideal, 
we cannot have DQ on the stalk Gyq,cx>] we have DZ[l/2] instead. This is 
not what we want. 



5 Graded convexoid rings and Proj 

In the previous section, we gave an ad hoc definition of the 'fake closure' Yq 
of SpecZ. At first sight, this seems to be a very artificial object. But some 



reader may have noticed that it resembles to the construction of projective 
hne P^ in algebraic geometry. Indeed, Iq can be realized as Proj Rq, under a 
suitable definition. 

Definition 5.1. (1) A convexoid ring A is (N-) graded, if: 

(a) B = ^[7^"*^] is a (Z-)graded ring: say B = (BdezBd, where B^, is 
the degree d part. 

(b) A is in the positive part: A C (Bd>oBd- 

(c) For any a & A, ad is also in A for any d, where a = ^^ ad is the 
homogeneous decomposition of a in 5. 

We will denote ACi Bdhj Ad, and the set of homogeneous elements of 
A by A'^. Note that Ad^ AnBd'm general. 

(2) An ideal o of a graded convexoid ring is homogeneous, if a G a implies 
ad ^ a for any d, where a = ^ a^ is the homogeneous decomposition 
of a. 

(3) For any graded convexoid ring A, set A^ = An {®d>oBd)- 

We will assume the following convention for any graded convexoid ring 
A: 

A^ is finitely generated as a homogeneous ideal of A. (5-1) 

For a homogeneous element a, its degree will be denoted by \a\. 

Definition 5.2. Let A be a commutative graded convexoid ring. 

(1) Proj A is the set of all homogeneous prime ideals of A which does not 
contain A^. The open basis of Proj A is given by the form 

D+{f) = {peFroiA\f^p}, 

where / is a homogeneous element of A. Then Proj A becomes a co- 
herent space, and has a finite open covering Proj A = Ujg^;ii5-|.(/), by 
the assumption (15. ip . 
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(2) For / G All, a (i-convexoid ring A(^f^ is defined by 

^(/) ~ {'^//" ^ ^[/~^] I ^ is homogeneous of degree dn^ . 
Tlie d-convexoid structure on /l(j) is given by 

wliere A^ = Yli=i "^i ^^"^ rrii = N — rii. 

(3) We have a homeomorphism D^{f) — )■ Specy4(j) given by p i— )■ {a//" G 
v4(j) I a G p}. Its inverse is given by q i-)- q, where q is the homogeneous 
ideal of A generated by a G A'^ such that al-^l//l°l G q. 

(4) We can define a monoid-valued sheaf (ff on Proj A, so that {D^{f), ^|d+(/)) 
is isomorphic to Spec74(j) as a monoid- valued space. This is well 
defined, since we have a natural isomorphism Lp : A(^f)[f^^^/g^^^] ~ 
yl(g)[(7'-^l//l^l] of multiplicative monoids for any two homogeneous el- 
ements f,g& A^. Also, (Proj A, ff) becomes a convexoid scheme, since 

(/? is a weak isomorphism of multi-convexoid rings. 

Remark 5.3. Note that /l(j) does not have a convexoid structure in general 
when I/I > 1, since the ffl-operation shifts the degree. 

We will apply Proj to the initial object Rq. Note that Rq is graded, by 
setting deg7 = 1. 

Lemma 5.4. The degree 1 part (-Ro)i of Ro consists of ±7, ±27. Also, (-Ro)+ 
is generated by (-Ro)i- 

Again, this is an easy exercise, and the proof is left to the reader. 
By the above lemma, Proj Rq is covered by two afiines 

Z}_,_(7) ^ Specy4(^) ~ SpecZ, 
D+(27) ~ SpecA(2T,) ~ SpecDZ[l/2]. 

It is obvious to see that the patching of -D+(7) and D_|_(27) coincides with that 
of Yq introduced in the previous section, which shows that Yq is isomorphic 
to Proj Rq. 
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Remark 5.5. As we have mentioned in Remark 14. 3^ the global section 
r(Proj Rq, ff) of Proj Rq is F12, which is only a monoid. We might want to 
formulate a morphism n : Proj A — )■ Spec F12 in some sense and say that vr is 
proper, but there lies a technical difficulty: since 00 is the unique closed point 
in SpecDZ[l/2], there are two homomorphisms SpecZ(p) — )■ SpecDZ[l/2] 
for odd prime p, sending the closed point to either 00 or (p) G Z[l/2]. This 
shows that we cannot say that Proj A is proper. 

6 Weak convexoid schemes 



The appropriate compactification SpecZ is realized only as a more general 
object, the construction of which is given by an analogue of that of ^- 
schemes |T2j . 

For a coherent space X, we denote by Q{X) the distributive lattice of 
quasi-compact open subsets of X. There is a natural (DLat)-valued sheaf 
Tx on X defined by f/ i— )■ Q{U) for each quasi-compact open U. 

Definition 6.1. (1) A weak convexoid scheme is a. quadruple {X, ffx,i^, f^x] 
where X is a coherent space, i^x is a sheaf of commutative multiplica- 
tive monoids on X, and U = {(f/j, fflj')}i is a set of pairs of a quasi- 
compact open subset Ui of X and a dj-convexoid ring structure ffl/ on 
^xiUi), such that 

(a) U is a covering of X, namely Uu&uU = X, and 

(b) W is a lower set, namely ii V C U and U & U, then V & U and 
r(f/) —7- r(l^) is a weak homomorphism. 

We can define a (DLat)-valued sheaf f2^x as follows: recall that the 
correspondence R 1— ;■ Q{R) (see the end of §0 for the definition) gives 
a functor Q : (CxdRing) — )■ (DLat), where (DLat) is the category of 
distributive lattices. Note that Q{R) does not change when we replace 
the ffl by another equivalent multi-convexoid structure by Proposition 
Els] and Proposition EH 

For an open subset V of X, let Uy be the subset of U consisting of all 
quasi-compact open subsets contained in V. Then fi^x{V) is defined 
as the equalizer of 

ueu Ui,U2&u 
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Px is a morphism Q^x ~^ ^x of (DLat)- valued sheaves on X, which 
satisfies the following: for any inclusion V G U oi open subsets of 
X, the restriction map ^x{U) — )■ ^xiV) factors through T~^(ffx{U), 
where T is the multiplicative system of ffx{U) defined by 

T = {f\Px{U)U)>V}. 

Here, / is identified with the principal ideal (/) G VtffxiU) generated 
by /. We refer to Px as the support morphism of X. 

(2) For a weak convexoid scheme X and a point x G X, the stalk 0'x,x 
need not have a canonical choice of a ffl-structure. However, we can 
define the notion of a finitely generated radical ideal of ffx,x'- it is 
independent of the choice of the ffl-structure. Also, G'x,x[lx'^] has a 
natural structure of a commutative ring, where 7^ is the fundamental 
constant of any 6'xiU), x E U. (This constant depends on the choice 
of U, but the localization ^x,x['lx^] i^ independent. Hence, we will call 
7x the fundamental constant of ffx,x-) Then i^x,x becomes local, in the 
sense that the complement of the set of units forms the maximal ideal. 

(3) A morphism f : X ^ Y oi weak convexoid schemes is a morphism of 
monoid-valued spaces such that for any x E X, 

(a) fx : ^YJix) -^ ^x,x induces a ring homomorphism ^yj{x)['1J{x)\ ^ 
^xAlx^l^ and 

(b) fx is local: f~^{xnx) = ^f(x) where m^; (resp. ta/(^)) is the unique 
maximal ideal of ^x,x (resp. i^yjix))- 

We will first recall what a Zariski-Riemann space should be. 

Definition 6.2. (1) A morphism f : X ^ S oi convexoid schemes is 
proper, if it satisfies the following condition: for any commutative 
square 

Specif -X 

/ 

Spec R ^ S 

where i? is a valuation convexoid ring and K its fraction field, there 
exist a unique morphism Spec R -^ X making the whole diagram com- 
mutative. 
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(2) Let X be a (weak) convexoid scheme over a base (weak) convexoid 
scheme 5". The Zariski-Riemann space of X over S* is a S'-morphism 
X — > ZR(X, S) where ZR(X, S) is a proper (weak) convexoid scheme 
over S and is universah namely, any S-morphism f : X ^ Y with 
F — )■ 5 proper factors uniquely through ZR(X, S): 

X — ^Y 



ZR(X, S) 

If the Zariski-Riemann space exists, then it is unique up to isomorphism. 
However, this may not be constructed within the category of (weak) convex- 
oid schemes. 

Let Ok be the integer ring of an algebraic field K. Note that the Zariski- 
Riemann space ZR(Spec K, Spec Z) is isomorphic to Spec Ok- Since Spec Z is 
a closed subscheme of Ui, we see that ZR(Spec K, Ui) coincides with Spec Ok- 

We will prove the following: 

Theorem 6.3. The Zariski-Riemann space 

X = ZR(Spec K, So) = ZR(Spec Ok, Sq) = ZR(Spec Ok, Proj Rq) 

exists as a weak convexoid scheme. Its underlying space is set-theoretically 
isomorphic to SpecZ U {oOo-jo-, where oOg- is the absolute valuation corre- 
sponding to an immersion a : K ^ C oi fields. The stalk (^x,oo is isomorphic 

to B^K = {x e K \ \a{x)\oo < !}• 

This is what we wanted to construct. 

Remark 6.4. Let =2/ be the algebraic type of commutative rings. In the cat- 
egory of (profinite) ^-schemes, the existence of the Zariski-Riemann space is 
assured [T2] . However, we do not have a general theory of Zariski-Riemann 
spaces for convexoid schemes. Therefore, we will content ourselves by con- 
structing the Zariski-Riemann space X explicitly for this specific case. 

Proof. First, we will construct X. We only have to construct its restriction 
X2 to the fiber on U2, since Zariski-Riemann spaces are local with respect to 
the base. Let IX2I be the set of all valuation convexoid rings of K such that 
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27 = 1 ffl 1 is invertible. We endow a topology on IX2I which is generated by 
the open basis of the form 

U{S) = {Re IX2I \ScR}, 

where S is any finite subset of K. 

The theorem of Ostrowski 13.21 tells that any valuation convexoid ring in 
1X2 1 is either 

(a) the trivial one, 

(b) the (non-complete) discrete valuation ring Ok,(p) such that the charac- 
teristic of the residue field k{p) is not 2, 

(c) the disk T)aK associated to an immersion a : K ^ C oi fields. 

The above topology makes IX2I into a coherent space: a non-empty open 
subset U of 1^2 1 is a subset whose complement is a finite set not containing 
the trivial valuation ring. 

The structure sheaf ^x\x2 is defined by 

U^{aeK \aeR {yR e U)}. 

The support morphism f3x '■ ^^x\x2 -^ '^x\x2 is defined by 

ifi,--- ,fn)^{ReU\f,emnmr. 

It is straightforward to see that f3x is well defined and that X2 = (IX2I, ^x\x2y Px) 
becomes a weak convexoid scheme. Let us denote by 00 o- the point of X2 
corresponding to DaK. Then we see that X2 \ {oOa}a is isomorphic to 
Spec (9 A- [1/2]. Therefore, we obtain X by the pushout 

Spec Ck [1/2] -X2 



SpecCx ^X. 

We have a convexoid ring homomorphism 

i?0[(27)-'] ^ r(X2, ffx) = n,:K^c^aOK[l/2] 
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by 7 '"^ 1/2. This induces a morphism X2 — t- U21 and patches up with 
Spec Ok -> Ui to give the morphism u : X -^ Sq. We see that u is proper, 
since i^lspecOA- i^ ^ closed immersion, and z/|x2 is obviously proper from the 
construction. 

Finally, we will see that X has the universal property. It suffices to 
show that X2 — !■ f/2 satisfies the property. Let / : Spec O/^ [1/2] — )■ F be 
a f/2-morphism, where y is a weak convexoid scheme, proper over f/2- For 
each valuation convexoid ring R G |^2|, we have the following commutative 
diagram 

SpecJ-s: -F 



Spec-R s^ f/2, 

and the properness of Y tells that there is a unique arrow Spec R -^ Y 
making the whole diagram commutative. This gives a unique set-theoretic 
map / : IX2I — )■ \Y\. This becomes continuous, since it is continuous on 
X2 \ {oOo-jcr -^ Y . It remains to construct the morphism between the 
structure sheaves. We only have to consider ffyiU) — )■ ffx2{f~^U), when 
f~^U contains some infinite places oOg.. Since oOg. e f~^U implies that 
the map ffyiU) — )■ K factors through Do- if, this weak homomorphism also 
factors through G'x2{f~^U). Therefore, we have constructed the morphism 
/ : X2 — )■ y of monoid- valued spaces, and it is straightforward to check that 
this is indeed a morphism of weak convexoid schemes. The uniqueness of / 
is obvious from the construction. D 



7 Appendix: Embedding of Proj i?o 

As we have seen, the initial object Rq in the category of convexoid rings has 
a natural grading structure, and the convexoid scheme Proj Rq is the 'fake 
closure' of Spec Z. 

Once we have a projective scheme, algebraic geometers would ask what 
the projective embedding associated to a very ample line bundle might be. 
We will seek for an analogy of the projective embedding for Proj Rq. This 
can be realized, and the result can be summarized as follows: 

Theorem 7.1. Let Rq be the initial object in the category of convexoid rings 
and d a positive integer. 
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(1) Each line bundle ff{d) of Proj Rq gives a morphism Proj Rq ^ Fl ^ 
of monoid-valued spaces. 

(2) In particular, we have an immersion Proj i?o — ?• P into a proprojective 
space P over F12 . 

Before we proceed, we will review what the projective space PJJ (or, 
P|^ ; the construction is essentially the same) is. As we have mentioned 
in the introduction, Fi-algebras are regarded as a monoid: for example, a 
polynomial ring Fi[xi, ■ ■ ■ , a;„] over Fi is a free commutative monoid N"U{0} 
with an absorbing element 0, generated by xi, ■ ■ ■ , a;„. In this sense, we know 
that schemes over Fi (namely, 'monoid schemes') can be constructed, and 
there is an adjunction 

Spec : (CMndo) ^ (Sch/Fi)°P : P. 

(cf. |Tlj ). In the sequel, we only consider coherent schemes and quasi- 
compact morphisms. We have a left adjoint of the underlying functor U : 
(CRing) -^ (CMndo), which we denote by Z[-]/0: for M e (CMndo), 
Z[M]/0 is the monoid ring Z[M] divided by the ideal generated by the ab- 
sorbing element Om of M. The functor Z[-]/0 patches up to give a functor 

Z Xf^ (-) : (Sch/Fi) -^ (Sch). 

The unit morphism M — )■ Z[M]/0 induces a morphism SpecZ[M]/0 -^ 
Spec M, and this extends to give a natural morphism 

VTx : Z XjTj X -)■ X 

of monoid-valued spaces. 

For example, a fan (in the sense of toric geometry [O]) A together with 
an absorbing element gives a scheme Spec A over Fi, and X = Z Xp^ Spec A 
is just the toric scheme over Z associated to the fan A. The Fi-scheme 
Spec A has its underlying space as a subset of X consisting of the generic 
points of the images of T-invariant sections SpecZ — )■ X, where T is the 
maximal torus of X. In particular, for each fiber F of X — )■ Spec Z, the points 
of Spec A correspond to T-invariant points of F. The natural morphism 
VTx : X — )■ Spec A sends each point x of X to the generic point of the closure 
of the T-orbit of {x}. 
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Figure 1: Configuration of tlie points of Pp . 

In particular, the projective space Pp corresponds to the fan A repre- 
senting the projective space P", and its points correspond to prime ideals 
generated by monomials over homogeneous coordinates; therefore, the con- 
figuration of points can be described as a n-simplex; each /-dimensional face 
of the n-simplex corresponds to a /-dimensional point of PJj:^ (Figured]). 

If we replace Fi by F12, then the underlying space does not change, but 
only the structure sheaf becomes the sheaf of Fi2-algebras, namely each sec- 
tion admits its minus. 

Now, we go back to Proj Rq. We will imitate the construction of projec- 
tive morphisms in algebraic geometry, with an exception that we forget the 
additive structures. 

The set La = {Ro)d of homogeneous elements of Rq C 2(7] of degree d 
consists of 

0, ±7^ ±27^ ±37'^ ■ ■ ■ , ±2'^Y- 

Unlike the case of rings, this set does not have an additive structure, but 
only the F12 = (i?o)o-action; namely, L^^ is an Fi2-module. However, we can 
still regard it as a linear system, and consider the line bundle ff{d) and even 
a rational map, associated to L^ as follows. 

The line bundle ^(d) is a ^Proj/?o"Submodule of the locally constant sheaf 
Q*, generated by 

mY/nY = m/n {1 <m,n < 2'^). 

Indeed, this canonically becomes a line bundle, and Ld can be regarded as 
the set of global sections of ^(rf). In other words, 0'{d) is globally generated. 
The linear system L^, is free as an Fi2-module, hence we will fix a basis 
7*^, 27"^, ■ ■ ■ , 2'^7'^ to construct the morphism associated to L^, in the sequel. 
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Let Fi2[xi, • ■ ■ ,X2d] be a polynomial ring (in fact, a monoid) with coeffi- 
cients in Fi2, with the canonical grading. For each 1 < n < 2^^, we have a 
morphism of monoids 

Fi2[xi, ■ ■ ■ ,X2d] -)■ (i?o)(n7d) (xi H> lY/nY = l/n), 

which extends to F12 [xi/x„, ■ ■ ■ , X2d/x„] — )■ (-Ro)(n7'*)- These patch up to give 
a morphism fa : Proj Rq — )■ P^ "^ of monoid-valued spaces. For a finite place 
p G SpecZ C Proj -Rq) Id sends p to the point corresponding to the prime 
{xp, X2p, ■ ■ ■ , X[2d/p]p), where {xi}i are homogeneous coordinates of P^ ~^. The 
infinity place 00 goes to the point corresponding to (xi, ■ ■ ■ , X2d_i), which is 
one of the closed points of P^ ~^. 

Note that /^ never becomes an immersion, since a finite place p goes to the 
generic point of P^ ~^ when p is larger than 2"^. This is just one translation 
of the fact that the multiplicative monoid Z \ {0} is not finitely generated. 

However, we can consider the infinite product 

p = l[F''-' = Fl[;' xr^, rf-' xf^, ■ • • 

d 

and a morphism / : Proj i?o — ?• P in the category of weak schemes over Fi 
(cf. |Tlj ). Then, / becomes an immersion. 
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